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We present a theoretical treatment of light scattering by an ensemble of N dipoles, taking into
account recurrent multiple scattering. We study the intrinsic optical properties of collective dipolar
systems without specifying a particular illumination condition. We apply this formalism to study
the collective absorption modes for an ensemble of small nanoparticles and then to derive collective
radiative corrections due to mutual interactions in dipolar ensembles, a topic of major importance
in the development of collective nanophotonic systems or atomic networks used as optical clocks.
INTRODUCTION
Collective phenomena are involved in many innovative
nanophotonic systems and they take benefit of the rich-
ness of interactions between emitters [1–7]. In atomic
ensembles in particular, collective coupling can be a pow-
erful mean to modulate the emission properties, by con-
trolling superradiant emission [4, 8–11] or generating a
spectral shift [12, 13]. Yet it could also represent a gen-
uine obstacle, as in the case of optical atomic clocks en-
gineering. Atomic networks can indeed combine a large
number of trapped atoms with ultra-narrow transitions
to provide today’s most precise clocks [14–17] while in-
teractions can cause frequency shifts [18, 19] that it is
crucial to control in a metrological context.
In this article we present a theoretical framework that
enables to calculate the scattering matrix for an ensemble
of dipoles. This framework is built up on the scattering
formalism which turned out to be a very powerful tool to
describe interaction of light with one or two scatterers.
In particular, the dispersive interaction energy between
two atoms or two nanoparticles can be directly derived
from the scattering matrix [20, 21]. Meanwhile, we use
theoretical and numerical methods which have been de-
veloped to tackle multiple scattering, in particular the
Coupled Dipoles Model (CDM) which is very well suited
to account for recurrent scattering taking place in a col-
lective or dense system [22–24].
The new framework merges the two approaches and
describes light scattering by an ensemble of dipoles. It
calculates a collective scattering matrix including mul-
tiple scattering at all orders. Moreover it describes the
intrinsic optical properties of the ensemble, without any
specific choice of illumination or emission conditions. We
will illustrate the advantages of this model, by studying
first the collective absorption properties of an ensemble of
dielectric nanospheres, and by computing then the collec-
tive radiative corrections to energy levels due to mutual
interactions in an ensemble of dipoles.
THE BASIC APPROACH
A polarizable dipole located at r0 and submitted to
an incoming harmonic field Einc(r) of pulsation ω = ck
acquires a dipolar momentum
p0 = ε0α0(ω)Einc(r0) ,
where its polarizability α0 has the dimension of a volume.
It then generates a scattered field which can be expressed
by using the Green tensor as
Esca(r) = µ0ω
2G0(r, r0, ω) · p0 .
In a collective system of N interacting dipoles, each
dipole additionally receives the field scattered by other
dipoles. This is treated exactly by replacing for each
dipole the incoming field by an exciting field accounting
for the emission of other dipoles
Eexc,i(r) = Einc(r) + µ0ω
2
∑
i′ 6=i
G0(r, ri′ , ω) · pi′ .
Writing the exciting fields Ei = Eexc,i(ri) as compo-
nents of a column vector form, it is easy to express them
from the incident fields by inverting a linear system
...
Ei
...
 = [I −X]−1

...
Einc(ri)
...
 , (1)
where X is a structure matrix of size 3N by 3N , whose
blocks (Xii′)i 6=i′ are 3-by-3 matrices containing the Green
tensor that describes the propagation between the dipoles
in vacuum (the diagonal blocks Xii are zero)
Xii′ =
(
k3αi′
G0(ri, ri′ , ω)
k
)
i6=i′
. (2)
The field scattered by the ensemble of dipoles is then
written by linearity as
Esca(r) =
[
.. .,
(
k3αi
) G0(r, ri, ω)
k
, .. .
]
...
Ei
...
 , (3)
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2where the multiplying operator on the left is made of N
blocks of size 3 by 3. Combining (1-3), one obtains an
explicit expression of scattered fields from incident ones.
We now combine steps (1-3) of the CDM approach with
the scattering of electromagnetic modes. Any harmonic
electric field is decomposed into spherical modes as
E(r) =
P0√
ε0
∞∑
`=1
∑`
m=−`
A
(1)
`,mN
(1)
`,m(r) +A
(2)
`,mN
(2)
`,m(r)
+ ıB
(1)
`,mM
(1)
`,m(r) + ıB
(2)
`,mM
(2)
`,m(r) , (4)
where the prefactor P0 is a normalizing amplitude. Coef-
ficients A
(1)
`,m, B
(1)
`,m correspond to modes going outwards
and A
(2)
`,m, B
(2)
`,m to modes coming inwards. This enables to
define the linear subspace of purely outgoing fields Eexit
for which the coefficients are all zero for inward modes
A
(2)
`,m = B
(2)
`,m = 0 for all (`,m) .
For such a field we introduce the compact notation
φexit = (A
(1)
`,m, B
(1)
`,m)
T .
We also introduce the linear subspace of free fields Efree
as the set of all fields whose coefficients obey
A
(1)
`,m = A
(2)
`,m B
(1)
`,m = B
(2)
`,m for all (`,m) .
For those fields, we introduce the coefficients
A
(j)
`,m = 2A
(1)
`,m = 2A
(2)
`,m , B
(j)
`,m = 2B
(1)
`,m = 2B
(2)
`,m ,
which are naturally multiplied by the modes
M
(j)
`,m(r) =
[
M
(1)
`,m(r) +M
(2)
`,m(r)
]
/2 ,
N
(j)
`,m(r) =
[
N
(1)
`,m(r) +N
(2)
`,m(r)
]
/2 ,
whose expressions are the same as M
(q)
`,m and N
(q)
`,m with
Riccati-Hankel functions ξ
(q)
` replaced by Riccati-Bessel
functions ψ`. As a consequence these fields are finite at
the origin and are solutions of the Maxwell equation in
vacuum. For this subspace we also introduce a compact
notation as
φfree = (A
(j)
`,m, B
(j)
`,m)
T .
In the following, for practical implementations a finite
number Nsph of spherical modes will be considered, with
` ≤ `max and |m| ≤ `. Globally, `max must be larger
for collective systems where dipoles are closer to each
other and in practice it must be increased until the result
reaches convergence.
TWO DESCRIPTIONS OF SCATTERING
The diffusion of an incoming field on a single object
can be described by two different but equivalent meth-
ods. In the first one, commonly used in classical optical
approach, one considers the incident and scattered field,
which together add up to be the total field with
φinc ∈ Efree, φsca ∈ Eexit .
In the second one, which is related to the scattering for-
malism and more common in quantum optical approach,
the in and out fields are connected through interaction
with the system. These fields must be solutions in the
absence of the system and are hence free fields
φin, φout ∈ Efree .
These two approaches define two distinct transforma-
tion matrices that we will denote D and S
φsca = D · φinc , φout = S · φin , (5)
which have respective codomains Eexit and Efree. These
two matrices are related through the equality of the total
field, using φin = φinc and φout = 2φsca + φinc [25],
S = I + 2D . (6)
It must be kept in mind that this relation connects the
coefficients A
(j)
`,m, B
(j)
`,m for S in the left-hand side to the
coefficients A
(1)
`,m, B
(1)
`,m for D in the right-hand side.
The CDM, that uses incident and scattered fields
φinc, φsca is well adapted to describe the multiple scatter-
ing events occurring among the dipoles. Hence we will
first compute the D operator of the collective system by
translating eqs. (1,3) into spherical modes. The obtained
results will in the end be rewritten in terms of free fields
in order to deduce the scattering operator S by using (6).
THE COLLECTIVE SCATTERING MATRIX
We start with eq. (1), for which one has to evaluate
the incident field at the dipoles’ positions (ri) from its
multipolar coefficients expressed in a common frame
φinc = (A
(j)
`,m, B
(j)
`,m)
T .
To do so, we proceed in two steps: first we translate the
incident field by ri to obtain the coefficients in spheri-
cal modes when it is expressed with respect to ri with
the operator Ti0 that transforms a free field to another
free field [26]; then we use these spherical coefficients to
evaluate the vector field at the new origin ri. This sec-
ond step can be realized through multiplication by an F
3matrix of size 3 by Nsph, the number of spherical modes
considered,
E(0)
P0/
√
ε0
=
1√
12pi
ı 0 −ı 0 ...1 0 1 0 ...
0
√
2ı 0 0 ...

︸ ︷︷ ︸
F
φinc .
E(0) is written in Cartesian coordinates and the only
non-zero coefficients of the F matrix correspond to A
(j)
`,m
with ` = 1 and m ∈ {−1, 0, 1}. Finally, coming back to
eq. (1) one obtains the exciting fields from the incident
field as
1
P0/
√
ε0

...
Ei
...
 = [I −X]−1

...
FTi0
...
φinc . (7)
We then consider eq.(3), for which one has to express
the coefficients φsca = (A
(1)
`,m, B
(1)
`,m)
T of the scattered
field. Again, we do this in two steps, first by express-
ing in spherical modes the field scattered by a dipole at
the origin and then by operating a translation by −ri
for the obtained field. If one considers a single dipole
p0 = ε0α0Einc(0) located at the origin, the coefficients
of φ0sca are obtained as a multiplication by a Nsph-by-3
matrix Q
φ0sca = k
3α0
1√
12pi

1 ı 0
0 0
√
2
−1 ı 0
0 0 0
...
...
...

︸ ︷︷ ︸
Q
Einc(0)
P0/
√
ε0
.
Non-zero components of Q are relative to A
(1)
`,m coeffi-
cients with ` = 1 and m ∈ {−1, 0, 1}, and Einc(0) is
written in cartesian coordinates. We have separated the
dimensionless factor k3α0 as it depends on the dipole po-
larizability, while Q is a universal operator, related to F
by
Q = ıF † .
Then the scattered field can be translated by (−ri) such
that it represents a field generated by a dipole at ri in the
basis associated with the global reference point r0. The
translation is realized by the operator T0i that transforms
an outgoing field to another outgoing field [26]. Finally
doing this for each scatterer, we can express the total
scattered field from the exciting fields as:
φsca =
(
.. . , (k3αi)T0iQ , .. .
) 1
P0/
√
ε0

...
Ei
...
 , (8)
where the constructed matrix on the left has dimensions
Nsph by 3N .
Combining results (7) and (8) , we obtain the matrix
D of the total system as
D = (.. . , (k3αi)T0iQ, .. .) [I −X]−1

...
FTi0
...
 (9)
and then the scattering matrix S by using (6), which
is the main result of this article. The operator S fully
describes the collective scattering by the ensemble of N
dipoles without specifying a specific choice of incident
field, thus characterizing the intrinsic scattering proper-
ties of the collective dipolar system. As discussed in the
following, this formalism is able to determine the proper
scattering modes generated by collective interactions in
such a system. Moreover, expanding the inverted opera-
tor into its Taylor series (I + X + X2 + · · · ) we get an
expansion of the scattering matrix S = I +S1 +S2 + · · ·
where Sk describes fields scattered k times on various
objects. This highlights the fact that this approach is
non-perturbative as it includes multiple scattering at all
orders.
UNITARITY AND THE OPTICAL THEOREM
Before studying applications of this formalism, we note
that the unitarity of the scattering matrix is linked to
the optical theorem that ensures energy conservation or
equivalently probability conservation in a situation where
frequency conversion is disregarded.
For an isolated dipole located at the origin, formula
(9) is simplified to
D = (k3α)QF = (ık3α/6pi)I(A,`=1) ,
where I(A,`=1) is the identity operator for coefficients
A`,m with ` = 1, m ∈ {−1, 0, 1} and zero elsewhere.
The condition of unitarity for the matrix S of a single
dipole can then be written explicitly as
I − S†S = 2k
3
3pi
[
Im[α]− k
3|α|2
6pi
]
I(A,`=1) = 0 , (10)
where the term responsible for absorption by the dipole
[27] appears within the brackets. We note that α ∈ R
is not the appropriate condition for S to be unitarity, as
could be expected. Instead, one has to include radiative
reaction in the discussion, for instance by writing the
polarizability as
α =
α0
1− ık36pi α0
.
4With this notation, S is unitary if and only if α0 is real.
The scattering formalism thus naturally includes the op-
tical theorem as it intrinsically incorporates radiative re-
action in the treatment of energy conservation.
The fact that the operator D for a single dipolar ob-
ject is directly proportional to the polarizability α shows
that the D operator can be interpreted as a generaliza-
tion of the polarizability for a more complex system. As
a consequence, the unitarity condition for the collective
system is a generalization of eq. (10)
I − S†S = −2 (D +D†)− 4D†D = 0 . (11)
COLLECTIVE ABSORPTION
Using the collective scattering operator of the ensemble
of dipoles, we are now able to study its intrinsic absorp-
tion properties. We can in particular define the absorp-
tion operator as the deviation of the scattering matrix
from unitarity which is known to measure the quadratic
norm of the noise [28]
A = I − S†S .
The scattering matrix can be rewritten as [25]
S = UΣV † =
∑
k
σkukv
†
k ,
with Σ a diagonal matrix with real elements 0 ≤ σk ≤ 1,
while U and V are the singular vectors that form a basis
for out and in fields, respectively. For the absorption
operator A the above decomposition is also valid as
A = I − V Σ†ΣV † =
∑
k
(1− σ2k)vkv†k . (12)
This means that for an incoming mode vk, the fraction
σ2k is re-radiated while a fraction
(
1− σ2k
)
is absorbed
by the system. This decomposition thus gives access to
a complete knowledge on the intrinsic absorption prop-
erties of the system, by identifying the incoming modes
responsible for small or large absorption by the system.
We illustrate this property by applying it to a sim-
ple system composed of N dielectric nanospheres, where
one at the origin is absorbing and the remaining N − 1
are located at a fixed distance a around it and are non-
absorbing. We place them on the vertices of a Platonic
solid, which can be a tetrahedron (N = 5), an octahedron
(N = 7), a cube (N = 9), an icosahedron (N = 13) or
a dodecahedron (N = 21), and fix their dielectric func-
tion to ε = 10, while the central nanosphere features
absorption with εC =
(√
10 + 0.1ı
)2
. The case N = 7 is
sketched on fig. 1. The nanospheres’ optical properties
are described by a dipolar polarizability obtained from a
Clausius-Mossotti model.
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FIG. 1. Diagram of the system for N = 6 + 1 nanospheres
with a = λ/2 (blue lines are guides to the eye).
We numerically compute the scattering matrix of the
collective system with a finite number of spherical modes,
and extract the singular values and vectors for the ab-
sorption operator (12). We then compare the results to
the reference case with the central dipolar absorber only,
in order to study the modifications in the absorption by
the central dipole due to the non-dissipative outer shell
that acts as a collective antenna. We note that the singu-
lar value decomposition enables the direct identification
of the nature of the modes that yield maximal absorption
for the collective system.
For an isolated dissipative dipole at the origin in the
linear optics regime, the absorption is directly propor-
tional to the incident electric field amplitude squared at
the origin, and only three spherical modes are responsi-
ble for a non-zero absorption: electric modes with ` = 1
and −1 ≤ m ≤ 1, which are associated with an identical
singular value A0 = 1 − σ20 . For the collective system
described above, the absorption is now proportional to
the amplitude squared of the excitation field at the ori-
gin. As a consequence, there are still only three singular
incident modes responsible for non-zero absorption, but
they can be associated with different singular vectors and
singular values A = 1− σ2.
We present in fig. 2(a) the results of numerical eval-
uations for the relative change in the non-zero singular
value for absorption (A−A0)/A0 due to the presence of
the non-dissipative outer shell, as a function of the shell
radius a. We observe a strong increase in the system ab-
sorption for a ' λ/2, which can reach up to 60 % for
the dodecahedron. This modification strongly depends
on the size of the shell and can result in a decrease of
absorption in some cases. In fig. 2(b) we present an his-
togram of the spherical mode coefficients for the singular
mode responsible for maximum absorption for an octa-
hedron with a = λ/2 which illustrates the appearance of
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FIG. 2. (a) Relative variation of the absorption singular value
A = 1 − σ2 as a function of the shell reduced radius ka. We
consider shells with (N − 1) nanospheres placed at vertices of
Platonic solids with N−1 ∈ {4, 6, 8, 12, 20}. The nanospheres
have a reduced radius kR = 0.8. The vertical dashed-line
corresponds to a = λ/2. (b) Histogram grouped by values
of ` presenting the multipolar coefficients repartition for the
mode with maximum absorption in this case (blue for electric
modes, red for magnetic modes).
higher multipole components in their composition. These
results show that the outer shell acts as an antenna for
the central absorber as multiple scattering events enable
to amplify the field at its position.
The scattering operator is also a very powerful tool to
predict the absorption of the complex system for a series
of incoming fields: for a new considered incident field
| Ψ〉, one only needs to compute the module squared
projection onto the three singular modes responsible for
absorption
∑3
i=1 |〈φi | Ψ〉|2 and multiply it by the singu-
lar value A. For instance, for a linearly polarized planar
wave incoming on a cube shell (N=9) with a = λ/2, the
increase of the absorption singular value A (+19.7 %) ob-
served in fig. 2(a) goes together with an increase of the
projection coefficient due to the modification of the singu-
lar modes responsible for absorption (+15.0 %) to almost
double the increase of effective absorption (+37.6 %) for
this specific choice of incident field.
COLLECTIVE RADIATIVE CORRECTIONS
In collective dipolar systems, mutual interactions can
lead to dispersive forces as well as energy shifts. In the
latter case, the collective shifts can have crucial effect in
atomic networks used in a metrological context by limit-
ing the ultimate reachable accuracy. For instance, collec-
tive Lamb shifts may result from interactions that shift
differently the ground and excited states energy levels of
the system. Here we use the collective scattering for-
malism to derive the phase shift formula for a collective
dipolar system. Applying these results to arrays of small
nanoparticles, we show that that collective effect are al-
ready quite important when only considering the ground
state energy of such an ensemble.
We start from the expression of the collective shift for
an ensemble of dipoles as
∆(ω) = ln detS(ω)−
N∑
i=1
ln detSi(ω) , (13)
where S is the scattering matrix of the collective dipolar
ensemble and Si is the scattering matrix for ith dipole.
Using the determinant lemma, one deduces from eq. (9)
detS =
det
I −X +

...
FTi0
...
(.. ., 2(k3αi′)T0i′Q,.. .)

det [I −X]
where the matrix appearing in the numerator
has diagonal blocks
(
1 + ık3αi/(3pi)
)
I3, I3 be-
ing the identity on R3, and non-diagonal blocks
(k3αi′) [2FTi0T0i′Q−G0(ri, ri′ , ω)/k]. Writing ex-
plicitely the translation operators for ` = 1 one shows
that
FTi0T0i′Q = ıIm [G0(ri, ri′ , ω)/k] ,
which is the quantity appearing in the cross density of
states (CDOS) [29]. It follows that
G0(ri, ri′ , ω)/k − 2FTi0T0i′Q = G∗0(ri, ri′ , ω)/k ,
∆(ω) = ln det[I − Y (ω)]− ln det[I −X(ω)] , (14)
where Y is a modified structure matrix, similar to X but
with non-diagonal blocks
[
k3αi′
1+ık3αi′/(3pi)
G∗0(ri′ ,rj ,ω)
k
]
i 6=i′
instead. In the particular case of non-dissipative dipo-
lar objects, the left fraction in the latter expression is
equal to k3α∗i′ , which yields Y = X
∗ and
∆(ω) = −2ıIm [ln det(I −X(ω))] . (15)
In such systems, the collective radiative corrections are
hence entirely determined by the 3N by 3N structure
6matrix X(ω). Moreover, when looking at frequency-
integrated quantity one can use imaginary frequencies
ω = ıξ to express for instance dispersive energies as
E = ~
∫ ∞
0
dω
2pi
ı∆(ω)
2
= ~
∫ ∞
0
dξ
2pi
ln det[I −X(ıξ)] .
(16)
The latter result shows that the structure matrix X
emerges as the main ingredient to the collective energy
shifts resulting from interactions in a dipolar ensemble.
We now illustrate these results by studying the collec-
tive radiative correction for the ground state of an array
of N nanoparticles, which in this case corresponds to
the Casimir-Polder interaction energy, and by comparing
it to the commonly derived pairwise quantity, obtained
by summing up the radiative corrections obtained for all
couples of atoms. For numerical application we consider
separately the cases of 1D, 2D and 3D arrays, all being
made of gold nanoparticles with radius R = 20 nm and
optical properties modeled by a plasma model.
For collective systems with N > 2, we observe a devi-
ation from the pairwise quantity, which increases when
the array step size is reduced, as shown in fig. 3. This
deviation is also increased by the number of atoms in the
array, as expected, and the convergence between the two
results at large spacings is slower for higher-dimensional
arrays. In the case of a 3D atomic array, deviations of
the order of the percent are obtained for array spacings
up to 100 nm.
These results show that for simple dipolar systems, col-
lective effects are already quite important when studying
the radiative correction for ground-state energy. For col-
lective dipolar systems, such as optical atomic clocks,
where the collective shift of the transition energy is at
play, the latter could be obtained by combining shifts
for the ground-state as well as for the considered excited
state. As the latter is expected to be of much longer
range due to the slow decay of interactions between ex-
cited states [30–33], the presented results show that col-
lective effects could play a major role in the energy shifts
for atomic optical clocks, as already foreseen. The collec-
tive scattering formalism presented in this article, com-
bined with a treatment of excited states, could be a way
to investigate such collective energy shifts, a topic of ma-
jor importance in the development of collective atomic
clocks.
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FIG. 3. Absolute relative difference between the collective
dispersive energy E and the associated pairwise quantity EPW
as a function of the array step size, for 1D array (a) 2D array
(b) and 3D array (c).
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